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ABSTRACT 

Optimum round t r i p  t r a j e c t o r i e s  f o r  r eusab le  space tug payload in-  
j e c t i o n  missions a t  energy levels above Ear th  escape are determined. 
v a r i a t i o n a l  maximum p r i n c i p l e  i s  used t o  formula te  and s o l v e  t h e  mathe- 
matical problem. 
problem are obtained by numerical  i n t e g r a t i o n  and f i n i t e  d i f f e r e n c e  
Newton-Raphson i t e r a t i o n  techniques.  A method f o r  ob ta in ing  approximate 
s o l u t i o n s  of t h e  mathematical  problem is  a l s o  presented.  The approximate 
s o l u t i o n s  are much easier t o  o b t a i n  than t h e  exac t  ones and t h e  r e s u l t s  
are i n  e x c e l l e n t  agreement. 
included.  
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The 

Solu t ions  of t h e  r e s u l t i n g  two po in t  boundary v a l u e  

Details of t h e  mathematical  a n a l y s i s  are 

Payload c a p a b i l i t y  i s  presented as a func t ion  of t h e  i n j e c t i o n  
energy. The e f f e c t s  of f i n i t e  t h r u s t  level,  v e h i c l e  turn-around t i m e ,  
and to ta l  t r i p  t i m e  are included.  Resul t s  are shown f o r  va r ious  va lues  
of s t a g e  p rope l l an t  mass f r a c t i o n  and s p e c i f i c  impulse. C h a r a c t e r i s t i c s  
of t h e  optimum t r a j e c t o r i e s  are discussed.  

INTRODUCTION 

Long range NASA plans  inc lude  development of a Reusable Space Tug 
(RST). The RST may b e  capable  of e i t h e r  Earth-based o r  space-based oper- 
ation and w i l l  be used f o r  a wide v a r i e t y  of o r b i t a l  maneuvering and pay- 
load i n j e c t i o n  and re t r ieval  mission a p p l i c a t i o n s .  
ab le  of both manned and unmanned autonomous opera t ion .  When used as aq 
unmanned Earth-based s t a g e  f o r  payload i n j e c t i o n  missions t h e  RST w i l l  be  
c a r r i e d  t o  a c i rcular  low Ear th  o r b i t  (LEO) i n s i d e  t h e  cargo bay of t h e  
space s h u t t l e  o r b i t e r .  It w i l l  l e a v e  t h e  o r b i t e r ,  d e l i v e r  i ts  payload 
t o  t h e  requi red  i n j e c t i o n  cond i t ions ,  then  r e t u r n  t o  the w a i t i n g  o r b i t e r  
and r e e n t e r  t h e  cargo bay f o r  t h e  r e t u r n  f l i g h t  t o  Ear th .  Tn t h e  un- 
manned space-based mode t h e  RST w i l l  a l s o  begin  and end each miss ion  i n  
LEO, poss ib ly  a t  an o r b i t i n g  p rope l l an t  depot o r  some o t h e r  f a c i l i t y .  
This paper p re sen t s  optimum round t r i p  t r a j e c t o r i e s  f o r  payload i n j e c t i o n  
missions a t  energy levels above Ear th  escape. The t r a j e c t o r i e s  are 
app l i cab le  t o  both  Earth-based and space-based modes of opera t ion .  

The RST w i l l  b e  cap- 

The i d e a l  performance c a p a b i l i t y  of an RST f o r  round t r i p  missions 
t o  energy levels above Ear th  escape can b e  e a s i l y  ca l cu la t ed  i f  a l l  burns  
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are assumed t o  be  impulsive (of zero t i m e  du ra t ion ) .  A l l  real v e h i c l e s ,  
however, are l i m i t e d  t o  f i n i t e  t h r u s t  levels.  The burn t i m e  r equ i r ed  t o  
reach t h e  s p e c i f i e d  vis-viva i n j e c t i o n  energy (C3) is  a func t ion  of t h e  
i g n i t i o n  thrust-to-weight r a t i o  (a). When t h e  v e h i c l e  reaches t h e  spec- 
i f i e d  energy level,  t h e  payload must be separa ted  from t h e  RST, the RST 
must be  turned around i n  p repa ra t ion  f o r  t h e  r e t u r n  f l i g h t  t o  LEO, and 
any necessary  s e p a r a t i o n  d i s t a n c e  between t h e  RST and payload ( t o  pre- 
ven t  damage t o  t h e  s p a c e c r a f t  by RST exhaust  impingement) must b e  accum- 
u l a t ed .  The du ra t ion  of t h e  payload sepa ra t ion  and v e h i c l e  t u r n  around 
phase (which is t h e  t i m e  spent  a t  t h e  s p e c i f i e d  C3 by t h e  RST) is  re- 
f e r r e d  t o  as t h e  turn-around t i m e  (TAT) i n  t h i s  paper.  During t h e  TAT 
coas t  phase t h e  RST is  on a hyperbol ic  t r a j e c t o r y  and i t s  a l t i t u d e  i s  
increas ing .  Losses incu r red  dur ing  t h e  burn phase which fo l lows  t h e  TAT 
coas t  are a func t ion  of t h e  a l t i t u d e  at which t h e  burn occurs and there-  
f o r e  depend on t h e  TAT. I n  t h e  i d e a l  case ,  a l l  burn phases are assumed 
t o  t a k e  p l ace  at t h e  LEO a l t i t u d e .  I n  t h e  real case t h e  RST leaves t h e  
c i r c u l a r  LEO a t  the i n s t a n t  t h e  f i r s t  burn begins  and r e e n t e r s  the same 
LEO a t  t h e  i n s t a n t  of f i n a l  burnout.  The elapsed t i m e  spent  ou t  of t h e  
LEO is  c a l l e d  t h e  t o t a l  t r i p  t i m e  (TTT) i n  t h i s  paper.  The t o t a l  AV 
requirements and t h e  performance c a p a b i l i t y  are func t ions  of t h e  TTT. 
The purpose of t h i s  s tudy  is  t o  determine optimum round t r i p  t r a j e c t o r i e s  
wi th  t h e s e  rea l  v e h i c l e  c o n s t r a i n t s  included.  

The maximum p r i n c i p l e  of t h e  ca l cu lus  of v a r i a t i o n s  i s  used t o  for -  
mulate t h e  mathematical  problem and determine t h e  c o s t a t e  equat ions .  The 
qtate and c o s t a t e  equat ions  are numerical ly  i n t e g r a t e d  t o  determine t h e  
v e h i c l e  motion, t h e  l o c a t i o n  and du ra t ion  of burn phases and t h e  f i n a l  
condi t ions  of t h e  two p o i n t  boundary va lue  problem as soc ia t ed  wi th  t h e  
optimum s o l u t i o n .  P a r t i a l  d e r i v a t i v e s  of the boundary va lue  problem 
f i n a l  condi t ions  wi th  r e s p e c t  t o  i n i t i a l  condi t ions  are obtained by 
f i n i t e  d i f f e r e n c e  methods. 
of a s imple Newton-Raphson l i n e a r  i t e r a t i o n  scheme. 

The boundary va lue  problem is so lved  by u s e  

I n  o rde r  t o  demonstrate t h e  e f f e c t  of t h e  va r ious  v e h i c l e  con- 
s t r a i n t s  , some paramet r ic  r e s u l t s  are presented Normalized payload mass 
l o s s  (compared t o  t h e  i d e a l  ca l cu la t ed  c a p a b i l i t y )  i s  shown as a f u n c t i o n  
of a f o r  d i s c r e t e  p o s i t i v e  va lues  of C3. The a ranges from 0 . 3  t o  
10.0. Resu l t s  are repea ted  f o r  TAT's of 3 and 6 minutes and f o r  engine 
s p e c i f i c  impulse (I) va lues  of 444 and 460 seconds. The va lues  of I 
were chosen t o  r ep resen t  cu r ren t  and f e a s i b l e  l i q u i d  hydrogen-liquid 
oxygen engine  technology, r e spec t ive ly .  The e f f e c t s  of TAT's up t o  
10 minutes and TTT's between 6 and 1000 hours are demonstrated f o r  rep- 
resentative cases. A TTT of 24 hours is chosen as a b a s e l i n e  v a l u e  f o r  
t he  paramet r ic  r e s u l t s .  P r o p e l l a n t  mass f r a c t i o n  (MF) values  of 0.84, 
0.87, and 0.90 are included.  The i n i t i a l  LEO a l t i t u d e  is  assumed t o  be 
185 k i lometers .  E f f e c t s  of t h e  E a r t h ' s  ob la teness  are omit ted f o r  con- 
venience - 
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Tra j ec to ry  Charac te r i s  t i c s  

I n  c a l c u l a t i n g  t h e  i d e a l  performance c a p a b i l i t y ,  a l l  burns are 
assumed t o  occur  a t  t h e  LEO a l t i t u d e .  One might expect  t h a t  f o r  real 
vehicle t r a j e c t o r i e s  t h e  RST would burn cont inuously from t h e  LEO t o  t h e  
s p e c i f i e d  C3, coas t  f o r  t h e  requi red  TAT, and then  burn cont inuously 
u n t i l  i t  reen te red  t h e  o r i g i n a l  LEO. For C3 va lues  above Ea r th  escape 
and reasonable  va lues  of a and TAT, optimum t r a j e c t o r i e s  t o  t h e  spec i -  
f i e d  C3 
Continuous t h r u s t  t r a j e c t o r i e s  from a h igh  a l t i t u d e  back t o  LEO r e q u i r e  
very h igh  AV's. The a l t i t u d e  fol lowing t h e  TAT can b e  reduced by com- 
promising t h e  f i r s t  burn t h r u s t  p r o f i l e  t o  "hold t h e  t r a j e c t o r y  in"  b u t  
t h i s  approach is  a l s o  c o s t l y  from a AV s t andpo in t .  Determination of 
t he  optimum round t r i p  t r a j e c t o r y  must admit t h e  p o s s i b i l i t y  of a l t e r n a t e  
powered and coas t  phases dur ing  both t h e  outbound and inbound l e g s .  

r e s u l t  i n  very h igh  a l t i t u d e s  a t  t h e  end of t h e  TAT coas t .  

For t h e  parameter ranges considered i n  t h i s  s tudy  t h e  optimum round 
t r i p  t r a j e c t o r i e s  w e r e  found t o  c o n s i s t  o f :  

1 )  A continuous main burn from t h e  o r i g i n a l  LEO t o  t h e  s p e c i f i e d  C3. 

2) The imposed TAT coas t  phase.  

3) A r e t r o  burn  which reduces t h e  energy of t h e  RST t o  a va lue  below 
Ear th  escape a f t e r  which t h e  RST is i n  an e l l i p t i c a l  t r a n s f e r  
o r b i t .  

4 )  A coas t  t o  nea r  apogee of t h e  t r a n s f e r  o r b i t .  

5) A s h o r t  apopee burn  phase which a d j u s t s  t h e  pe r igee  of t h e  t r ans -  
f e r  o r b i t  t o  approximately t h e  LEO a l t i t u d e .  

6) A coas t  t o  near  pe r igee  of t h e  ad jus t ed  t r a n s f e r  o r b i t .  

7) A f i n a l  c i r c u l a r i z a t i o n  burn which r e t u r n s  t h e  RST t o  t h e  or ig-  
i n a l  LEO. 

These phases are depic ted  g raph ica l ly  i n  ske tch  a. 

Analysis  

The problem t o  b e  solved is t o  maximize t h e  payload mass which can 
b e  de l ive red  t o  a s p e c i f i e d  energy level above Ear th  escape by a s t a g e  
of known c h a r a c t e r i s t i c s  (I, a ,  and MF) which starts i n  a s p e c i f i e d  LEO 
and r e t u r n s  t o  t h e  same o r b i t  a f t e r  r e l e a s i n g  t h e  payload. 
wi th  i n f i n i t e  t h r u s t  and zero turn-around t i m e  c a p a b i l i t y ,  t h e  r a t i o  of 
payload mass t o  i n i t i a l  mass ( inc luding  payload) can b e  c a l c u l a t e d  as 

For a v e h i c l e  

m 
p l  - 6(R2 - 1) - 1 

R[6(R - 1 )  - 1 1  "6 
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t r a j e c  t o r y  

F ina l  c i r c u l a r i z a t i o n  b u n  

Sketch a. Optimum t r a j e c t o r y  p r o f i l e .  

where 6 is  t h e  r a t i o  
b e  w r i t t e n  i n  terms of 

of s t a g e  j e t t i s o n  mass t o  p rope l l an t  mass and can 
MF as 

1 - MF 
m 6 -  

and R is t h e  r a t i o  of i g n i t i o n  mass t o  burnout mass f o r  an i d e a l  impul- 
sive propuls ion  maneuver which imparts  t h e  AV r equ i r ed  t o  reach t h e  
s p e c i f i e d  energy level. The va lue  of R is  ca l cu la t ed  as 

AV/ C R = e  

A l l  symbols are def ined  i n  appendix A. 

The v a r i a t i o n a l  maximum p r i n c i p l e  i s  used t o  formulate  and s o l v e  t h e  
problem f o r  t h e  case of real  v e h i c l e s  wi th  f i n i t e  t h r u s t  l e v e l s  and non- 
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zero TAT c a p a b i l i t y .  
wi th  t h e  optimum s o l u t i o n  c o n s i s t s  of four  f i n a l  condi t ions  which must 
be  s a t i s f i e d  and an equal  number of i n i t i a l  condi t ions  t o  b e  chosen. It 
w a s  found t h a t  because of t h e  long f l i g h t  t i m e s  involved,  minor ad jus t -  
ments i n  t h e  i n i t i a l  condi t ions  cause l a r g e  v a r i a t i o n s  i n  t h e  r e s u l t i n g  
f i n a l  condi t ions .  This  extreme s e n s i t i v i t y  makes t h e  boundary va lue  
problem d i f f i c u l t  t o  s o l v e  by s imple  techniques.  A number of s o l u t i o n s  
were obtained and t h e  t r a j e c t o r i e s  examined. They c o n s i s t  of t h e  seven 
d i s t i n c t  phases descr ibed  i n  t h e  Tra j ec to ry  C h a r a c t e r i s t i c s  s e c t i o n  
above. 

The two p o i n t  boundary va lue  problem as soc ia t ed  

Because of t h e  s e n s i t i v i t y  of t h e  boundary va lue  problem and based 
on t h e  observed c h a r a c t e r i s t i c s  of t h e  optimum t r a j e c t o r i e s ,  an alter- 
n a t e ,  approximate technique w a s  developed. The method is  based on t h e  
assumption t h a t  t h e  apogee burn occurs  p r e c i s e l y  a t  apogee, i s  impulsive 
and t a n g e n t i a l ,  and a d j u s t s  t h e  t r a n s f e r  o r b i t  pe r igee  a l t i t u d e  t o  coin- 
a i d e  wi th  t h e  o r i g i n a l  LEO. The f i n a l  c i r c u l a r i z a t i o n  burn i s  a l s o  tan- 
g e n t i a l  and impulsive.  
f i n i t e  t h r u s t  f i n a l  burns were determined by independently i n t e g r a t e d  
ca l cu lus  of v a r i a t i o n s  t r a j e c t o r i e s  and added t o  t h e  impulsive AV re- 
quirement f o r  t h e  f i n a l  burn.  Details of t h e  approximate method a n a l y s i s  
are presented  i n  appendix B. The t h r e e  f i n a l  condi t ions  of t h e  boundary 
v a l u e  problem as soc ia t ed  wi th  t h e  approximate s o l u t i o n  are a l l  eva lua ted  
at t h e  end of t h e  r e t r o  burn.  The long t r a n s f e r  o r b i t  coas t  phases ,  t h e  
apogee burn,  and t h e  f i n a l  c i r c u l a r i z a t i o n  burn are no t  numerical ly  i n t e -  
g ra t ed .  This  boundary va lue  problem is  considerably less s e n s i t i v e  than  
t h e  exact one and s o l u t i o n s  were obtained more e a s i l y .  

The g r a v i t y  l o s s e s  which would be  a s soc ia t ed  wi th  

For a l l  cases i n  which a comparison w a s  made, t h e  payload c a p a b i l i t y  
determined by t h e  exac t  and approximate methods d i f f e r e d  by no more than  
two one-hundredths of one percent  of t h e  i n i t i a l  s t a r t i n g  m a s s .  The 
a c t u a l  comparison va lues  are shown i n  t a b l e  I. 

The ca l cu la t ed  apogee AV f o r  a l l  t r a j e c t o r i e s  generated by t h e  
approximate method w a s  less than  50 meters pe r  second. The AV requi re -  
ment f o r  t h e  f i n a l  c i r c u l a r i z a t i o n  burn i s  a func t ion  of t h e  energy of 
t h e  t r a n s f e r  o r b i t .  For a TTT of 24 hours t h e  t r a n s f e r  o r b i t  v i s -v iva  
energy is  about -9.45 km2/sec2. The f i n a l  c i r c u l a r i z a t i o n  AV f o r  a TTT 
of 24 hours varies from 2.79 t o  2.81 km/sec. The g rav i ty  l o s s e s  added t o  
the  c i r c u l a r i z a t i o n  AV requirement are a func t ion  of t h e  energy of t h e  
t r a n s f e r  e l l i p s e  and t h e  v e h i c l e  thrust-to-weight r a t i o  a t  t h e  s t a r t  of 
t h e  f i n a l  maneuver. 
of t h e  t r a j e c t o r i e s  considered i n  t h i s  s tudy.  

The l o s s e s  do not  exceed 4 meters per  second f o r  any 

Although not  e x p l i c i t l y  presented ,  t h e  p r o p e l l a n t  requirements f o r  a 
The i n i t i a l  mass (mo) inc ludes  p a r t i c u l a r  case can b e  e a s i l y  determined. 

t h e  payload mass (mpl), p r o p e l l a n t  m a s s  (mpr) , and s t a g e  j e t t i s o n  m a s s  
(mj). 
l a n t  m a s s  can b e  ca l cu la t ed  as 

Since t h e  p rope l l an t  m a s s  f r a c t i o n  (MF) is s p e c i f i e d ,  t h e  propel- 
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Resul t s  and Discussion 

The i d e a l  impulsive performance c a p a b i l i t y  of a r eusab le  s t a g e  (as 
ca lcu la t ed  from eq. (1) )  i s  shown i n  F igure  1. Normalized payload mass 
(mpl/mo) c a p a b i l i t y  is shown as a func t ion  of t h e  vis-viva energy t o  
which it i s  de l ive red .  The performance of F igure  1 app l i e s  t o  a RST 
which has  i n f i n i t e  t h r u s t  and can f l y  a zero TAT t r a j e c t o r y .  S ince  t h e  
payload l o s s e s  are u s u a l l y  s m a l l  compared t o  t h e  i d e a l  c a p a b i l i t y ,  sub- 
sequent  r e s u l t s  i n  t h i s  paper are i n  terms of normalized payload mass 
loss (Am l/mo) which al lows t h e  a c t u a l  c a p a b i l i t y  t o  be  determined more 
accura te fy  . 

Procedure f o r  Using Resul t s  

The r e s u l t s  t o  b e  presented  are app l i cab le  t o  a v a r i e t y  of s i t u a -  
t i o n s .  When the  i n i t i a l  m a s s  (mo), t h e  mission C3 and t h e  RST charac- 
terist ics (I, a, and MF) are known, t h e  r e s u l t s  can be  appl ied  d i r e c t l y .  
The i n i t i a l  m a s s  i s  known when t h e  RST i s  Earth-based and t h e  mission is  
t o  b e  accomplished wi th  a s i n g l e  launch of a space  s h u t t l e  of known capa- 
b i l i t y ,  f o r  example. When t h e  i n i t i a l  mass is  no t  s p e c i f i e d  and some 
o the r  c r i te r ia  is  e s t a b l i s h e d  (e.g.  , s p e c i f i e d  RST p rope l l an t  capac i ty ,  
s p e c i f i e d  payload m a s s  requirement,  e t c . ) .  
bu t  a s imple  i t e r a t i o n  is  necessary.  The fol lowing s t e p s  are requ i r ed :  

The r e s u l t s  can s t i l l  b e  used,  

(1) E s t i m a t e  mo .  

(2) Ca lcu la t e  t h e  i d e a l  m p l / m o  from equat ion  (1) .  

(3)  Determine t h e  l o s s  (Am /m ) from t h e  appropr i a t e  curve.  

( 4 )  Calcu la t e  t h e  a c t u a l  c a p a b i l i t y  as 

(5) Compute t h e  p rope l l an t  mass r equ i r ed  from equat ion (2)  and any 

P l  0 

m p l / m o  - Amp,/mo. 

parameters involved i n  t h e  e s t ab l i shed  cri teria.  

(6) I f  t h e  d e s i r e d  c r i te r ia  i s  s a t i s f i e d  te rmina te  t h e  i t e r a t i o n .  
Otherwise a d j u s t  mo and r e t u r n  t o  s t e p  ( 2 ) .  

E f f e c t  of TAT and TTT 

The e f f e c t  of v e h i c l e  TAT on normalized payload m a s s  l o s s  is shown 
f o r  a r e p r e s e n t a t i v e  case i n  F igure  2. 
l o s s  is  minimized b u t  i s  nonzero because of t h e  f i n i t e  a. A s  TAT in-  
creases t h e  payload l o s s  inc reases  s o  t h e  a c t u a l  performance c a p a b i l i t y  

When t h e  TAT is  zero t h e  payload 
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decreases .  A t  a f i x e d  TAT t h e  l o s s e s  are g r e a t e r  f o r  t h e  lower MF va lues .  
This i s  t r u e  because of t h e  h i g h e r  f i n a l  j e t t i s o n  mass and lower payload 
mass a s soc ia t ed  wi th  t h e  lower MP which r e s u l t s  i n  a lower average t h r u s t  
t o  m a s s  r a t i o  (and h ighe r  l o s s e s )  during t h e  r e t r o  and f i n a l  c i r c u l a r i z a -  
t i o n  burns 

The RST is  a t  an  energy level above Exrth escape dur ing  t h e  TAT 
coas t  and its a l t i t u d e  is inc reas ing ,  Since t h e  energy remains cons tan t  
t h e  v e l o c i t y  is  decreas ing ,  The reduct ion  i n  energy which must b e  accom- 
p l i shed  dur ing  t h e  r e t r o  burn  fo l lowing  t h e  TAT coas t  is  more e f f i c i e n t l y  
achieved a t  lower a l t i t u d e s  and h igher  v e l o c i t i e s .  It is  obvious then ,  
both from a l o g i c a l  approach and from Figure  2 ,  t h a t  t h e  TAT should be  as 
s h o r t  as poss ib l e ,  During t h e  TAT coas t  t h e  RST must be  turned  around i n  
p repa ra t ion  f o r  t h e  r e t r o  burn. The r equ i r ed  o r i e n t a t i o n  i s  such t h a t  
t h e  exhaust gases  are d i r e c t e d  almost d i r e c t l y  toward t h e  sepa ra t ed  space- 
c r a f t .  To prevent  damage t o  t h e  s p a c e c r a f t  by RST exhaust impingement 
some minimum s e p a r a t i o n  d i s t a n c e  must b e  accumulated be fo re  t h e  RST 
engine is i g n i t e d  f o r  t h e  r e t r o  maneuver. A d e t a i l e d  a n a l y s i s  t o  de t e r -  
mine t h e  minimum necessary sepa ra t ion  d i s t a n c e  w a s  no t  undertaken as p a r t  
of t h i s  s tudy.  TAT's of 3 and 6 minutes are used as b a s e l i n e  va lues .  
The performance advantage of s h o r t  TAT's must b e  compared t o  t h e  opera- 
t i o n a l  d i f f i c u l t y  of s epa ra t ing  t h e  payload, t u rn ing  t h e  v e h i c l e  around 
and accumulating the necessary s e p a r a t i o n  d i s t a n c e  i n  a s h o r t  t i m e .  

The necessary decrease  i n  t h e  energy of t h e  RST (from t h e  payload 
i n j e c t i o n  level  t o  t h e  LEO va lue)  is  accomplished p r imar i ly  dur ing  t h e  
r e t r o  burn fol lowing t h e  TAT c o a s t  and during t h e  f i n a l  c i r c u l a r i z a t i o n  
Surn. For a l l  reasonable  va lues  of a and TAT, t h e  a l t i t u d e  is lower 
and t h e  v e l o c i t y  is h igher  a t  the s tar t  of t h e  f i n a l  burn  than  a t  t h e  
end of t h e  r e t r o  burn.  Therefore ,  t h e  energy decrease  is more e f f i -  
c i e n t l y  accomplished during t h e  f i n a l  burn than  dur ing  t h e  r e t r o  burn ,  
and t h e  r e t r o  burn should b e  kep t  as s h o r t  as poss ib l e .  The minimum 
p o s s i b l e  r e t r o  burn f o r  a r eusab le  v e h i c l e  reduces t h e  RST energy t o  
exac t ly  zero (Earth escape) ,  The r e s u l t i n g  TTT i s  i n f i n i t e .  

The e f f e c t  of f i n i t e  TTT's between 6 and 1000 hours is shown i n  
F igure  3 f o r  r e p r e s e n t a t i v e  va lues  of t h e  o t h e r  parameters.  A s  TTT de- 
creases from i ts  optimum (but  imprac t i ca l )  va lue  of i n f i n i t y  t h e  payload 
l o s s  inc reases ,  The performance advantage of long TTT's must be  compro- 
mised because of t h e  obvious ope ra t iona l  advantages of much s h o r t e r  TTT's .  
For an Earth-based, s i n g l e  s h u t t l e  launch mission,  t h e  o r b i t e r  must w a i t  
f o r  t h e  RST i n  t h e  LEO f o r  t h e  ent i re  TTT. A phasing problem is  involved 
s i n c e  t h e  RST must rendezvous and dock wi th  t h e  o r b i t e r  a f t e r  r e tu rn ing  
t o  LEO. 
1 hour) adjustments  t o  t h e  TTT. As shown i n  F igure  3 ,  a change of t h i s  
magnitude has  ve ry  l i t t l e  e f f e c t  on t h e  performance c a p a b i l i t y  a t  t h e  
longer  T T T ' s .  
t h i s  s tudy.  I f  very s h o r t  TTT's are d e s i r e d ,  t h e  e f f e c t  of t h e  rend-ez- 
vous requirement would have t o  be  included.  A TTT of 24 hours is chosen 
as a b a s e l i n e  va lue  f o r  demonstrating t h e  e f f e c t s  of o the r  parameters  i n  
t h i s  s t u d y b  

Proper phasing can b e  achieved by making s l i g h t  ( l e s s  than  

For s i m p l i c i t y  t h e  rendezvous requirement is  ignored i n  
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General Resul t s  

The normalized payload mass l o s s  Ampl /mo  is presented as a func- 
t i o n  of a f o r  I = 444 and 460 seconds i n  F igures  4 and 5 ,  respec- 
t i v e l y .  The TTT i s  24 hours  i n  both cases. P a r t  (a)  of both f i g u r e s  is 
f o r  MF = 0.90 and TAT = 3 minutes.  P a r t  (b) i s  f o r  t h e  same MF and a 
TAT of 6 minutes. The (c )  and (d) p a r t s  of both f i g u r e s  correspond t o  a 
MF of 0.87 and TAT'S of 3 and 6 minutes ,  r e s p e c t i v e l y .  P a r t s  (e )  and ( f )  
r epea t  t h e  p a t t e r n  wi th  MF = 0.84. A t t a inab le ,  p o s i t i v e  va lues  of C 3  
are included on each of t h e  p l o t s .  Curves t h a t  end i n  t h e  middle of a 
p l o t  s t o p  at t h e  po in t  where t h e  payload c a p a b i l i t y  is  zero.  

A l l  p a r t s  of Figures  4 and 5 i l l u s t r a t e  t h e  same c h a r a c t e r i s t i c s .  
The payload l o s s e s  i n c r e a s e  as a decreases .  The i n c r e a s e  i s  very  r a p i d  
f o r  a values  below about 2.0 a t  t h e  h i g h e s t  energy l e v e l s  and f o r  a 
values  below about 1 .0  a t  a l l  energy levels.  This  behavior  is  s i g n i f i -  
can t  s i n c e  f o r  expendable v e h i c l e  t r a j e c t o r i e s  t o  energy levels above 
Earth escape,  s u b s t a n t i a l l y  lower thrust-to-weight r a t i o s  can be  t o l e r -  
a ted  wi thout  l a r g e  payload p e n a l t i e s .  Fur ther  examination of F igures  4 
qnd 5 i n d i c a t e s  t h a t  f o r  any s p e c i f i c  va lue  of a t h e  payload l o s s  in- 
creases wi th  inc reas ing  C3, is h igher  f o r  TAT = 6 minutes than  f o r  
TAT = 3 minutes,  and is h igher  f o r  I = 444 than  f o r  I = 460 seconds. 
A t  cons tan t  va lues  of a, C3, I ,  TAT, and TTT, t h e  payload l o s s  inc reases  
wi th  decreas ing  MF. 

Tra j ec to ry  C h a r a c t e r i s t i c s  

The t i m e  ( t )  h i s t o r y  of va r ious  t r a j e c t o r y  parameters is  presented 
i n  Figure 6 f o r  a r e p r e s e n t a t i v a  case .  Values of  a of 10.0, 0.5, and 
0.3 a r e  included. 
energy (C3), f l i g h t  pa th  angle  ( e ) ,  t h r u s t  a t t i t u d e  ($), and i n e r t i a l  
t ravel ang le  ( 4 )  with  t i m e  is shown i n  p a r t s  (a )  through ( f ) ,  respec- 
t i v e l y .  The angles  8 ,  $, and 4 are def ined  g raph ica l ly  i n  F igure  7. 
The s o l i d  l i n e  segments i n  F igure  6 r ep resen t  t h e  main and r e t r o  burn 
segments of t h e  t r a j e c t o r y  and t h e  dashed po r t ion  app l i e s  t o  t h e  TAT 
c o a s t ,  Parameter h i s t o r i e s  dur ing  t h e  t r a n s f e r  o r b i t  coas t  phase,  t h e  
apogee burn phase,  and t h e  f i n a l  c i r c u l a r i z a t i o n  burn are not  shown. I f  
d e s i r e d ,  they  can be  ca l cu la t ed  from t h e  va lues  a t  t h e  end of t h e  r e t r o  
burn and t h e  d e s c r i p t i o n  of t h e  approximate t r a j e c t o r y .  

The v e i a t i o n  of a l t i t u d e  ( Z ) ,  v e l o c i t y  (v), vis-viva 

A t  t = 0 t h e  RST is  i n  t h e  LEO. The a l t i t u d e ,  v e l o c i t y ,  and 
energy va lues  are those  of t h e  LEO and are t h e  same f o r  any v a l u e  of 
a. The f l i g h t  pa th  angle  i s  zero because t h e  o r b i t  is c i r c u l a r  and t h e  
t r a v e l  ang le  i s  zero by d e f i n i t i o n .  The t h r u s t  ang le  a t  t = 0 is  t h e  
i n i t i a l  va lue  determined by so lv ing  the two po in t  boundary va lue  problem. 
It is  nega t ive  and a f u n c t i o n  of a. A s  a r e s u l t ,  bo th  8 and z de- 
crease s l i g h t l y  a t  f i r s t .  The angle  8 becomes nega t ive  and z be- 
comes less than  the o r i g i n a l  LEO a l t i t u d e  of 185 k i lometers .  A s  t i m e  
proceeds,  v inc reases ;  C3, $, and even tua l ly  8 and z a l s o  inc rease .  
A t  t h e  end of t h e  main burn  C3 is  equal  t o  t h e  s p e c i f i e d  15 km2/sec2. 
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The a l t i t u d e  is  g r e a t e r  than  185 ki lometers  and g r e a t e r  f o r  lower c1 

values .  The v e l o c i t y  a t  t h e  end of t h e  main burn  is  t h a t  r equ i r ed  by 
t h e  condi t ion  C3 = 15 km2/sec2 a t  t h e  burnout  a l t i t u d e .  The angle  $ 
i s  s l i g h t l y  less than  8.  For optimum one-way (expendable v e h i c l e )  
t r a j e c t o r i e s ,  $ i s  equal  t o  8 a t  t h e  s p e c i f i e d  energy level.  For 
optimum round t r i p  t r a j e c t o r i e s  t h e  f i r s t  burn is compromised somewhat 
i n  o rde r  t h a t  l o s s e s  incur red  dur ing  t h e  r e t r o  burn are reduced. 

During t h e  TAT coas t  phase,  z cont inues t o  inc rease  as mentioned 
earlier, v decreases ,  and C3 remains cons tan t .  A t  t h e  end of t h e  
TAT c o a s t ,  t h e  ca l cu la t ed  va lue  of $ changes ins ran taneous ly  t o  t h e  
optimum v a l u e  requi red  f o r  t h e  r e t r o  burn. Examination of I) and 8 
a t  t h e  s ta r t  of t h e  r e t r o  i n d i c a t e s  t h a t  t h e  t h r u s t  and v e l o c i t y  v e c t o r s  
are nea r ly  a n t i p a r a l l e l .  

During t h e  r e t r o  burn v decreases  u n t i l  C3 is equal  t o  t h e  
-9.45 km2/sec2 
TTT = 24 hours .  
p a r a l l e l  dur ing  t h e  r e t r o  burn.  

requi red  f o r  t h e  e l l i p t i c a l  t r a n s f e r  o r b i t  when 
The t h r u s t  and v e l o c i t y  v e c t o r s  remain nea r ly  a n t i -  

Conclusions 

Optimum round t r i p  t r a j e c t o r i e s  f o r  payload i n j e c t i o n  miss ions  above 
Ear th  escape energy are determined by so lv ing  t h e  appropr i a t e  two p o i n t  
boundary va lue  problem. The fou r  f i n a l  condi t ions  of t h e  boundary value 
problem are extremely s e n s i t i v e  t o  small changes i n  t h e  i n i t i a l  condi- 
t i o n s .  Although d i f f i c u l t ,  t h e  boundary va lue  problem can b e  solved 
us ing  linear f i n i t e  d i f f e r e n c e  Newton-Raphson i t e r a t i o n  techniques.  

The optimum t r a j e c t o r i e s  c o n s i s t  of a continuous main burn from t h e  
i n i t i a l  low Ear th  o r b i t  t o  t h e  s p e c i f i e d  energy level,  a coas t  phase of 
s p e c i f i e d  d u r a t i o n  during which t h e  payload is  separa ted  and t h e  v e h i c l e  
tu rned  nea r ly  180 degrees ,  a r e t r o  burn which reduces t h e  energy t o  a 
va lue  below Ear th  escape which is pr imar i ly  a f u n c t i o n  of t h e  d e s i r e d  
t o t a l  t r i p  t i m e ,  a coas t  to,  near  apogee of t h e  e l l i p t i c a l  t r a n s f e r  o r b i t ,  
a s h o r t  apogee burn which a d j u s t s  t h e  pe r igee  of t h e  t r a n s f e r  o r b i t  t o  a 
va lue  c l o s e  t o  t h e  o r i g i n a l  low Ear th  o r b i t  a l t i t u d e ,  a c o a s t  t o  near  
p e r i g e e  of t h e  ad jus t ed  t r a n s f e r  o r b i t ,  and a f i n a l  c i r c u l a r i z a t i o n  burn 
which r e t u r n s  t h e  v e h i c l e  t o  t h e  i n i t i a l  low Ear th  o r b i t .  

E s s e n t i a l l y  optimum approximate t r a j e c t o r i e s  can be  obta ined  e a s i l y  
by us ing  t h e  same simple i t e r a t i o n  technique t o  s o l v e  an a l t e r n a t e  two 
po in t  boundary v a l u e  problem. The approximate t r a j e c t o r i e s  d i f f e r  from 
the  optimum ones i n  t h a t  t h e  apogee and pe r igee  burns are assumed t o  b e  
impulsive and t a n g e n t i a l  and occur  exac t ly  a t  apogee and per igee .  
magnitude of t h e  apogee burn is  ca l cu la t ed  t o  a d j u s t  t h e  pe r igee  a l t i t u d e  
of the t r a n s f e r  o r b i t  t o  exac t ly  t h e  o r i g i n a l  low Ear th  o r b i t  value,  

The 

For maximum payload t o  a s p e c i f i e d  energy l e v e l  above Ear th  escape,  
t h e  turn-around coas t  phase should be  as s h o r t  as poss ib l e  and t h e  t o t a l  
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t r i p  t i m e  as long as is ope ra t iona l ly  p r a c t i c a l .  
Level has a s t rong  e f f e c t  on its performance c a p a b i l i t y .  
i g n i t i o n  thrust-to-weight r a t i o  t h e  l o s s e s  are s i g n i f i c a n t l y  h igher  f o r  
a round t r i p  t r a j e c t o r y  than f o r  a one-way t r a j e c t o r y  t o  t h e  same energy 
l e v e l .  

The v e h i c l e  t h r u s t  
For t h e  same 
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APPENDIX A 

SYMBOLS 

vis -v iva  ener  y ,  km2/sec2 

j e t  v e l o c i t y ,  km/sec 

energy , km2/sec2 

e c c e n t r i c i t y ,  N.D. 

t h r u s t  d i r e c t i o n ,  N.D. 

u n i v e r s a l  g r a v i t a t i o n a l  cons tan t  , km3/sec2-kg 

Hamiltonian , kg/sec 

angular  momentum, km2/sec 

s p e c i f i c  impulse,  sec 

jump d i s c o n t i n u i t y  i n  (p - H), kg /sec  

nass , kg 

payload mass l o s s ,  kg 

m a s s  r a t i o ,  mg/mf, N.D. 

r a d i u s ,  km 

t i m e ,  sec 

t h r o t t l e  c o n t r o l ,  N.D. 

c h a r a c t e r i s t i c  v e l o c i t y  increment , km/sec 

v e l o c i t y ,  km/sec 

s ta te  v a r i a b l e  used i n  (D11) 

a l t i t u d e ,  km 

r a t i o  of t h r u s t  t o  equ iva len t  v e h i c l e  e q u a t o r i a l  s u r f a c e  weight 
a t  i g n i t i o n ,  N.D. 

maximum mass flow rate ,  kg/sec  

yaw a t t i t u d e ,  deg 



1 2  

r a t i o  of s t a g e  j e t t i s o n  m a s s  t o  p r o p e l l a n t  mass, N.D. 

jump f a c t o r  kg-sec2/km2 

jump f a c t o r ,  kg-sec2/km 2 

f l i g h t  pa th  angle ,  deg 

power-coast swi tch ing  func t ion ,  N.D. 

c o s t a t e  v a r i a b l e ,  kg-sec/km 

c o s t a t e  v a r i a b l e ,  kg/km 

c o s t a t e  v a r i a b l e ,  kg /sec  

c o s t a t e  v a r i a b l e  , N a D e 

state v a r i a b l e  equiva len t  t o  t i m e  , sec 

travel angle ,  deg 

p i t c h  a t t i t u d e ,  deg 

Subscr ip ts  : 

a 

e 

f 

j 

max 

P 

P l  

P r  

r 

0 

1 

2 

apogee 

Ea r th  

f i n a l  

j e t t i s o n  

o v e r a l l  maximum 

pe r igee  

pay l o  ad 

p r o p e l l a n t  

r e t r o  burnout 

i n i t i a l  

s t a r t  of TAT coas t  

end of TAT c o a s t  
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Super sc r ip t s  : 
- 

v e c t o r  

t i m e  d e r i v a t i v e  

h u n i t  v e c t o r  

+ a f t e r  event  

- befo re  event  

Abbreviat ions : 

LEO low Ear th  o r b i t  ( c i r c u l a r  a t  185 km a l t i t u d e )  

MF p r o p e l l a n t  mass f r a c t i o n  ( r a t i o  of p r o p e l l a n t  mass to s t 3 g e  mass) 

RST r eusab le  space  tdg 

TAT turn-around t i m e  (du ra t ion  of payload s e p a r a t i o n  and v e h i c l e  
turn-around coas t  phase) 

TTT t o t a l  t r i p  t i m e  
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APPENDIX B 

MATHEMATICAL FORMULATION OF APPROXIMATE SOLUTION 

Because of t h e  s e n s i t i v i t y  of f i n a l  t o  i n i t i a l  boundary v a l u e  condi- 
t i o n s  f o r  rpigorously optimized round-tr ip  space-tug t r a j e c t o r i e s ,  an 
approximate technique based on t h e  observed c h a r a c t e r i s t i c s  of the o p t i -  
mum t r a j e c t o r i e s  w a s  developed. The approximate method w a s  h igh ly  suc- 
c e s s f u l  from a convergence s t andpo in t ,  and gave payload masses which 
d i f f e r e d  very  l i t t l e  from t h e  optimum va lues .  

The numerical ly  i n t e g r a t e d  p o r t i o n  of t h e  approximate t r a j e c t o r y  
c o n s i s t s  of t h e  main burn ,  imposed TAT c o a s t ,  and r e t r o  b u m .  The r e t r o  
burn i s  terminated when t h e  coas t  t i m e  t o  pe r igee  on t h e  r e s u l t i n g  e l l i p -  
t i c a l  t r a n s f e r  o r b i t  is  equal  t o  t h e  s p e c i f i e d  TTT, less t h e  e lapsed  t i m e  
t o  t h a t  po in t .  
d i f f e r s  from t h e  s p e c i f i e d  LEO a l t i t u d e .  This d i f f e r e n c e  i s  removed by 
a s m a l l  impulse which is assumed t o  t a k e  p l ace  p r e c i s e l y  a t  apogee, w i th  
a t a n g e n t i a l  t h r u s t  d i r e c t i o n .  The apogee burn modif ies  t h e  o r b i t a l  
per iod only s l i g h t l y ,  and t h i s  d i f f e r e n c e  is  neglec ted  i n  t h e  mathemati- 
cal formulat ion.  The f i n a l  burn is a l s o  assumed t o  b e  impulsive,  u t i -  
l i z e s  t a n g e n t i a l  t h r u s t i n g ,  and t akes  p l a c e  p r e c i s e l y  a t  pe r igee .  S ince  
the  magnitude of t h e  f i n a l  impulse depends only on t h e  t r i p  t i m e ,  t h i s  , 

burn i s  n o t  included i n  t h e  v a r i a t i o n a l  problem. 
per igee  impulse ( inc luding  an appropr i a t e  l o s s  due t o  f i n i t e  t h r u s t  
level) is included i n  t h e  c a l c u l a t i o n  of f i n a l  mass. 
the  apogee impulse depends on t h e  pe r igee  a t  r e t r o  burnout ,  and i t s  
e f f e c t  i s  included i n  the v a r i a t i o n a l  problem, as w e l l  as i n  the ca lcu la-  
t i o n  of final. mass. 

The pe r igee  a l t i t u d e  is  not  s p e c i f i e d ,  and i n  gene ra l  

However, t h e  c a l c u l a t e d  

The magnitude of 

The v a r i a t i o n a l  problem t o  b e  so lved  i s  t o  maximize t h e  payload mass 
which can b e  de l ive red  t o  a f ixed  energy level by a f ixed  mass f r a c t i o n ,  
r eusab le  space  tug.  A f t e r  r e l e a s i n g  t h e  payload, t h e  tug must s a t i s f y  
c e r t a i n  f i n a l  condi t ions .  A f i x e d  d u r a t i o n  TAT c o a s t  phase i s  imposed. 
The a v a i l a b l e  c o n t r o l s  are t h e  t h r u s t  d i r e c t i o n  and engine t h r u s t  level 
(on o r  o f f ) .  
t i o n a l  maximum p r i n c i p l e  ( r e f  1) , w i t h  equat ions of motion as fo l lows:  

The mathematical  problem is formulated by us ing  t h e  varia- 

Gm 

r 
( a) 

e - c13u v = - -  r + -  
3 m 

e -  

r = v  (b ) 

7 = 1  

where B = B(7) i s  t h e  maximum a l lowable  flow rate (engine ope ra t ing  a t  
f u l l  t h r u s t )  and 7 (equiva len t  t o  t i m e )  is introduced t o  make t h e  system 
autonomous. The c o n t r o l s  are the 
t h r o t t l e  u and t h r u s t  d i r e c t i o n  f , s u b j e c t  t o  I ?  1 = 1 and u = 0 

A l l  symbols are define! i n  appendix A. 
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(engine o f f )  o r  1 (engine on) .  The v a r i a t i o n a l  Hamiltonian is  

where p i s  t h e  m u l t i p l i e r  f o r  T. The c o s t a t e  equations are 
- - 
A =,-p (a)  

The opt imal  c o n t r o l s  are obtained by maximizing H ,  which r e s u l t s  i n  

and 

where K i s  def ined  as 

A h  

f = A  

It should b e  noted t h a t  H i s  a cons tan t  of t h e  motion and, i f  B is  
c o n s t a n t ,  p i s  a l s o  cons tan t .  

Boundary Conditions 

Define : 

to i n i t i a l  t i m e  

tl t i m e  at which energy level f o r  payload j e t t i s o n  is achieved; s tart  
TAT coas t  
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t2 end TAT coas t  and j e t t i s o n  payload (Actual ly ,  t h e  payload would b e  
j e t t i s o n e d  as soon a f t e r  t l  as poss ib l e .  Since t h e r e  i s  no 
propuls ion  between t l  and t 2 ,  a l l  payload j e t t i s o n  t i m e s  be- 
tween t l  and t 2  are mathematically equiva len t  .) 

completion of r e t r o  burn tr 

tf f i n a l  time 

then  B(t)  i s  given by 

< t l t l  and t 2 1 t L t  8 =  (".ax, - r 

Any one of $he above t i m e  p o i n t s  may b e  considered f i x e d ,  s i n c e  t h e  t i m e  
r e fe rence  i s  a r b i t r a r y .  It is  convenient t o  cons ider  t l  f i x e d ,  which 
a l s o  f i x e s  t 2 .  Also,  t h e  r e fe rence  va lue  of T is  e s t a b l i s h e d  by 
choosing T( t0 )  = t o .  
t h e  i n i t i a l  mass and payload energy. S ince  t h e  mass f r a c t i o n  is spec i -  
f i q d ,  t h e  mass a t  r e t r o  burnout i s  requi red  t o  b e  

The i n i t i a l  o r b i t  i s  completely s p e c i f i e d ,  as are 

(AVa+AV ) /c 
m = e  (1 - m)(m0 - m 037) r P l  

where AVa 
per igee  a l t i t u d e  t o  185 km, 

is t h e  v e l o c i t y  increment r equ i r ed  a t  apogee t o  a d j u s t  t h e  

T r a n s v e r s a l i t y  Equation 

The t r a n s v e r s a l i t y  equat ion  f o r  t h i s  problem may be  w r i t t e n  

d q + L  * d r +  CT dm + p d7 - H d t )  
- 

( A  
tr 

- 
- (A d q  + L d r  9 cr dm + p da  - H d t )  * 

t 2  

t; 

t l  

ti 

+(A* d q + y *  d T + a d m + p d T - H d t )  

- ( A  

+ (h ' d q + c  ' d T +  CT dm + p d 7  - H d t )  

- ( A  * d v + ' ; -  * d r +  CT dm + p da  - H d t )  

- 
d y 4 - L  d r +  cr dm + p da  - H d t )  * 

- 

- d m  F O  
P l  
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S u b s t i t u t i n g  t h e  f i x e d  boundary condi t ions  i n t o  (B8) and s e t t i n g  t h e  
c o e f f i c i e n t s  of t h e  remaining ( f r e e )  v a r i a t i o n s  equal  t o  zero  r e s u l t s  i n  

+ -  - +  
cT 2 - O2 = O 1  - 

Gm 
(h) 

e -  
jJ; = l.4; + E - r 3 2  
- - 

r2 

The m u l t i p l i e r  n i n  (Bgd) and (39e) r e s u l t s  from t h e  s p e c i f i e d  energy 
a t  r e t r o  burnout .  The p a r t i a l  d e r i v a t i v e s  a A V a / a v  and aAVa/aT w i l l  
be  determined later.  Also,  t h e  m u l t i p l i e r s  X and iT are d iscont inuous  
a t  ‘2 (with jump f a c t o r  E),  s i n c e  energy is s p e c i f i e d  a t  t h a t  t i m e  (see 
r e f .  1). 

- 

In  a d d i t i o n  t o  (B9), t h e  fol lowing s p e c i f i e d  boundary condi t ions  
must b e  s a t i s f i e d :  

r E 

( 4  
mo ->mf  - mp 

mo - m p l  

(Bld) 

Equation (BJOc), equ iva len t  t o  (B7), i s  t h e  ca l cu la t ed  va lue  of prapel-  
l a n t  mass f r a c t i o n ,  assuming t h a t  t h e  t o t a l  mass re turned  t o  t h e  LEO i s  
s t a g e  j e t t i s o n  mass; \ t he  ca l cu la t ed  mass f r a c t i o n  must b e  equa l  t o  t h e  
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s p e c i f i e d  mass f r a c t i o n .  

A number of i n i t i a l  condi t ions  are a v a i l a b l e  i n  o rde r  t o  a l low (B9) 
and (B10) t o  b e  s a t i s f i e d .  These are: 

- 
where i n i t i a l  va lues  of t h e  m u l t i p l i e r s  A and 7 are expressed i n  
terms of t h e  i n i t i a l  magnitude of A ,  p i t c h  and yaw a t t i t u d e s ,  and t h e  
corresponding rates (B l l a  through f )  as i n  r e fe rence  2. The ang le s  $ 
and y are def ined  i n  F igure  8. 

- 

The main burn  may b e  terminated when E 1  (BlOa)  i s  s a t i s f i e d ,  which 
a l s o  determines to (Bl lh) .  S i m i l a r l y ,  t h e  r e t r o  burn is  terminated when 
E, (Blob) is  s a t i s f i e d ,  and t h i s  procedure determines tr (Bllk). Also, 
a0 (Bllg)  may be  ca l cu la t ed  from (B2) i n  o rde r  t o  s a t i s f y  (B9c). 

Consider next  t h e  procedure f o r  s a t i s f y i n g  (B9b). Since (p - H) i s  
cons tan t  when $ is  cons t an t ,  (B9b) may b e  w r i t t e n  

where J1 and J2 are t h e  jump d i 6 c o n t i n u i t i e s  i n  (p - H) a t  tl and 
t2, respec t ive ly .  Also,  

Therefore ,  (B12) becomes 

(p - H) - (p - H) = (p - H) - J1 - (p - H) - J2 = 0 
t3 tt t Z t- 1 
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o r  

J 1 + J 2 = 0  

The jumps, J1 and J2, can b e  evaluated by us ing  (B2) and r e c a l l i n g  

3 r 

Gm 

J2 3 

- 
3 "2 v2 
2 r 

Therefore ,  

l(; A - .)ut; - (; A - .)ut+] 
2 J 1 + J 2 =  'max 

Now from (B9a) , 
+ -  - +  

1 a 2 - u 1 = a 2 - a  = o  

s i n c e  u is  cons tan t  between tl and t 2 .  Also,  u = 1 s i n c e  t h r u s t -  

ing  i s  requ i r ed  t o  reach  t h e  payload s e p a r a t i o n  energy, El. I f  u + = 0 ,  5 
t2 
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(Bl4) cannot b e  made equal  t o  zero  (except  f o r  t h e  s p e c i a l  case K = 0) .  

Therefore ,  it must be  assumed t h a t  u + = 1. Now us ing  (Bl5) i n  (B14) 
t i  

r e s u l t s  i n  t2 

(B16) 

The va lue  of E may be  chosen t o  s a t i s f y  (B16); t h e  procedure is as 
fol lows : 

- - + 2 2  
x2 = hJh;2 + E v2 + 2 E 5  v2 

ml 

Splving f o r  E r e s u l t s  i n  
+ 2  

- x;v; + Q) x;v; 
which may be  w r i t t e n  as 

The s i g n  cha ice  may be  made by applying phys ica l  reasoning t o  t h e  problem. 
It is  expected t h a t  t h e  t h r u s t  should be d i r e c t e d  approximately p a r a l l e l  
t o  t h e  v e l o c j t y  v e c t o r  when i t  i s  des i r ed  t o  i n c r e a s e  v e l o c i t y  (up t o  
t-)  and approxina te ly  a n t i p a r a l l e l  t o  t h e  v e l o c i t y  v e c t o r  when i t  is  de- 2 s i r e d  t o  decrease  v e l o c i t y  (from t; t o  t r ) .  Then 

& . - qx2 v2 
($)A4 

But 
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- - 
A; = A- + EV2 2 

Therefore ,  t h e  minus s i g n  should be  chosen: 

This procedure f o r  c a l c u l a t i n g  E e l imina te s  ( B l l i )  and (B9b) from t h e  
boundary va lue  problem. Also, t h e  i n i t i a l  va lue  ho ( B l l e )  may b e  chosen 
t o  s a t i s f y  (B9d) wi thout  a f f e c t i n g  t h e  t r a j e c t o r y ,  s i n c e  t h e  c o s t a t e  
equat ions  are homogeneous i n  t h e  m u l t i p l i e r s .  

F i n a l l y ,  i t  remains t o  manipulate (B9d) and (B9e) i n t o  a more s u i t -  
a b l e  form. The va lue  of TI may b e  chosen t o  equate  t h e  magnitude of 
t h e  l e f t  and r i g h t  s i d e s  of (Bga), i.g., 

(BlSJ 

The s i g n  choice  i n  (B18) is  made as fo l lows .  
not a func t ion  of t h e  r e t r o  burnout cond i t ions ,  (B18) would reduce t o  

If t h e  apogee impulse were 

and (B9a) would g i v e  

and 

Now s i n c e  t h e  r e t r o  burn  removes energy, i t  i s  clear t h a t  t h e  minus s i g n  
should b e  chosen i n  (B19) , hence a l s o  i n  (B18). Therefore ,  TI becomes 

Since TI has  been s e l e c t e d  t o  s a t i s f y  t h e  magditude of (Bge) ,  equa- 
t i o n s  (B9e) and (B9f) have been reduced t o  f i v e  equat ions.  Three of 
these may be expressed as 
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which may b e  v e r i f i e d  by t ak ing  t h e  c r o s s  products  of (B9e) wi th  
(B9f) w i th  

7 and 
T, adding, and no t ing  as i n  appendix B of r e fe rence  3 t h a t  

Equations (B21) are cons t an t s  of t h e  motion which are n o t  a f f e c t e d  by 
the  jump i n  x and ii at  t 2  (eqs.* (B9g) and (B9h); see r e f .  3 ) ,  and 
are used t o  c a l c u l a t e  yo, yo, and Ao.  S p e c i f i c a l l y ,  t h e  r e s u l t  is 

Yo = 0 

Yg = 0 
8 

The remaining two equat ions  i n  (B9) can b e  expressed as 

The i n i t i a l  and f i n a l  condi t ions  i n  t h e  two po in t  boundary v a l u e  problem 
are as fo l lows ,  

I n i t i a l  condi t ions  

$0 

$0 

P I  
m 

F i n a l  cond i t ions  
eq. (Bloc) 

eq. (B23a) 

eq. (B23b) 

Calcu la t ion  of Apogee Impulse and P a r t i a l  Derivatives 

The AVa r equ i r ed  t o  raise t h e  pe r igee  a l t i t u d e  of t h e  t r a n s f e r  
o r b i t  t o  t h e  f i n a l  LEO a l t i t u d e  is  g iven  by 
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where ra and r are the apogee and pe r igee  r a d i i  of t h e  r e t r o  burn- 
out  e l l i p t i c a l  o r % i t  s r e s p e c t i v e l y .  

aAVa 2ra + rf 

From (B24) i t  fo l lows  t h a t  

-=  - 
ax 

r Y 

ar r (2ra  + r 1 3- 
2 ax 

- - 
where x s t ands  f o r  e i t h e r  F o r  v. Also,  

- -  

e 

2- ar - h x r + r v  a a 
av eGme 

- -  
- =  

2- ar h x 7 -  r v 

av eGm 

- 
P , P  

e 

(B25) 

where r is  t h e  r e t r o  burnout r ad ius .  
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TABLE I. - COMPARISON OF PAYLOAD CAPABILITIES DETERMINED BY EXACT AND 

APPROXIMATE METHODS. SPECIFIC IMPULSE, I, 444 SECONDS 



SPECIFIC IMPULSE, I, 444 SEC 
zf ''[ --- SPECIFIC IMPULSE, I, 460 SEC 

- 
0 

PROPELLANT 

0 10 20 30 110 
VIS-VIVA ENERGY, cy K M ~ ~ S E C ~  

Figure 1. - Ideal performance capability. Ignit ion t h r u s t -  
to-weight ratio, a, infinite; total t r i p  time, TTT, zero; 
tu rn-around time, TAT, zero. 

TURN-AROUND TIME, TAT, MIN  

Figure 2. - Effect of tu rn-around time. Igni t ion t h r u s t -  
to-weight ratio, a, 0.5; specific impulse, I, 444 sec- 
onds; vis-viva energy, C3 15 kilometers squared per 
second squared; total t r i p  time, TTT, 24 hours. 



0 I- 

TOTAL TRI P TIME, TTT, HR 
Figure 3. - Effect of total t r i p  time. Ignit ion thrust-to-weight ratio, a, 0.5; specific impulse, 

I, 444 seconds; vis-viva energy, C3, 15 kilometers squared per second squared; turn- 
around time, TAT, 3 minutes. 
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(A) PROPELLANT MASS FRACTION. MF. 0.90: TURN-AROUND 
TIME, TAT, 3 MINUTES. 

0 .4  . 6  . 8  1 2 4 6 8 1 0  
IGNITION THRUST-TO-WEIGHT RATIO, a 

(B) PROPELLANT MASS FRACTION, MF, 0.90; TURN-AROUND 
TIME, TAT, 6 MINUTES. 

Figure 4. - Payload loss as a funct ion of thrust-to-weight ratio. 
Specific impulse, I, 444 seconds; total t r i p  time, TIT, 24 hours. 
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m m (A) PROPELLANT MASS FRACTION, MF, 0.90; TURN-AROUND TIME, 
TAT. 3 MINUTES. E: 
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(B )  PROPELLANT MASS FRACTION, MF, 0.90; TURN-AROUND TIME, 
TAT, 6 MINUTES. 

Figure 5. - Payload loss as a funct ion of thrust-to-weight ratio. 
Specific impulse, I, 460 seconds; total t r i p  time, TTT, 24 hours. 
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IGNITION THRUST- 
TO-WEIGHT RATIO, 

2400 r- a 
RFn FI IGUT 

0 
(A) ALTITUDE. 

0 400 800 1200 
TIME PAST IGNITION, t, SEC 

(B) VELOCITY. 

Figure 6. -T ime history of var ious trajectory parameters 
for selected igni t ion thrust-to-weight, a, values. 
Specific impulse, I, 444 seconds; total t r i p  time, TTT, 
24 hours; tu rn-around time, TAT, 3 minutes; propellant 
mass fraction, MF, 0.90; vis-viva energy, C3 15 kilo- 
meters squared per second squared. 
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Figure 7. - Definit ion of problem variables. 

Figure 8. - Vehicle pi tch and 
yaw attitudes. 
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